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Abstract
We consider the electromagnetic resolution of gravitational field.
We show that under the duality transformation, in which active and
passive electric parts of the Riemann curvature are interchanged, a
fluid spacetime in comoving coordinates remains inva riant in its char-
acter with density and pressure transforming, while energy flux and
anisotropic pressure remaining unaltered. Further if fluid admits a
barotropic equation of state, p = (γ−1)ρ where 1 ≤ γ ≤ 2, which will
tr ansform to p =
(
2γ
3γ−2 − 1
)
ρ. Clearly the stiff fluid and dust are
dual to each-other while ρ+3p = 0, will go to flat spacetime. However
the radiation (ρ− 3p = 0) and the deSitter (ρ+ p = 0 ) universes are
self-dual.
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In analogy with the electromagnetic field, gravitational field has also been
resolved into its electric and magnetic parts [1-5].It is the Weyl conformal
curvature that has been resolved relative to a unit timelike vector. Recently
the resolution has been carried through for the Riemann curvature as well
[6-7].That is for the entire gravitational field including both free (Weyl) as
well as matter (Ricci) parts.
We resolve the Riemann curvature into electric and magnetic parts as
follows :
Eac = Rabcdu
bud (1)
E˜ac = ∗R ∗abcd u
bud (2)
Hac = R ∗abcd u
bud = H(ac) −H[ac] (3)
where
H(ac) = C ∗abcd u
bud (4)
H[ac] =
1
2
ηabceR
e
du
bud. (5)
Here cabcd is the Weyl conformal curvature, and ηabcd is the 4-dimensional
volume element. We term Eab and E˜ab as active and passive electric parts
which are projections of Riemann and its double dual, while magn etic part
is projection of right dual onto a unit timelike vector. Note that all these
are 3-tensors as they are orthogonal to ua , the electric parts are symmetric
while the magnetic part is trace-free and consists of symmetric (which is the
same as the Weyl magnetic part) and antisymmetric parts. The electric parts
account for 12 while magnetic part for the remaining 8 components of the
Riemann curvature. Thus the entire gravitational field is decomposed into
electromagnetic parts. The decomposition is however dependent upon the
choice of resolving timelike vector.
The Ricci curvature can be written in terms of electromagnetic parts of
the Riemann curvature as follows [7] :
Rba = E
b
a + E˜
b
a + (E + E˜)uau
b − E˜gba +
1
2
ηamnH
mngb0 (6)
2
where Eaa = E and E˜
a
a = E˜. Here antisymmetric magnetic part is the
measure of energy flux. By the duality transformation we mean
Eab ↔ E˜ab, Hab ↔ Hab. (7)
That is interchange of active and passive electric parts. Under this transfor-
mation, it is easy to see that
Rab ↔ Gab = Rab −
1
2
Rgba. (8)
This is a reflection of the fact that contraction of Riemann is Ricci while that
of its double dual is Einstein [8].
In this note we wish to examine what does this duality transformation
(7) mean for energy momentum distribution of spacetime? The energy mo-
mentum tensor for a general fluid is given by
Tab = (ρ+ p)uaub − pgab +
1
2
q(aub) + piab (9)
where uau
a = 1, piab = piba, pi
a
a = 0 = piabu
b = qau
a. Here ρ and qa denote the
relativistic energy density and the energy flux (heat conduction and diffusion)
relative an observer comoving with 4-velocity ua , p is the isotropic pressure,
and piab is the trace-free anisotropic p ressure (due to processes like viscosity).
In view of the Einstein equation
Gab = −Tab, 8piG/c
2 = 1 (10)
and from eqn.(9), for a hypersurface orthogonal fluid congruence coincident
with the resolving vector, we have
R00 = −
1
2
(ρ+ 3p), G00 = −ρ (11)
Rαα = −
1
2
(ρ− p)− piαα, G
α
α = p− pi
α
α, (α = 1, 2, 3; no summation) (12)
R0α = −qαu
0 = G0α, α = 1, 2, 3 (13)
Rαβ = −pi
β
α = G
β
α, α 6= β = 1, 2, 3. (14)
3
First of all it is clear that distributions with trace-free energy momentum
tensor (such as radiation universe with ρ−3p = 0, and Maxwell field) remain
invariant under the duality transformation (7).That is they are self-dual. For
a general fluid, the duality transformation (7) will, in view of eqns.(11-14)
would imply
qa ↔ qa, pi
b
a ↔ pi
b
a. (15)
while
1
2
(ρ+ 3p)↔ ρ,
1
2
(ρ− p)↔ p. (16)
Consequently if the fluid admits a barotropic equation of state, p = (γ−1)ρ,
it would transform to
p = (γ˜ − 1)ρ, γ˜ =
2γ
3γ − 2
. (17)
This means a stiff fluid (γ = 2) is dual to dust (p = 0), while the deSitter
universe (ρ + p = 0) like the radiation universe will be self-dual. However
the equation of state, ρ+ 3p = 0 (such as for global monopoles and global t
extures [9-10]) will go over to flat spacetime under duality transformation.
Thus we have shown that under the duality transformation (7), density
and pressure of a fluid transform as given by eqn. (16) while qa and pi
b
a remain
unchanged. Further if a fluid admits a barotropic equation of state with the
coefficient, gamma then it will go over to γ˜ . In particular the radiation
and the deSitter universes are self-dual, stiff fluid and dust are dual to each-
other, and the fluid with ρ+3p = 0 will go to flat spacetime. It may be noted
that if γ ≤ 4/3 (which is always so except for stiff fluid), then γ˜ ≥ 4/3, and
vice-versa. One of the applications of the duality transformation could be, if
one finds a solution with γ ≥ 4/3, it can be readily changed into γ ≤ 4/3.
Application of the duality transformation has also been considered for
spherically symmetric vacuum spacetime [11]. It has been shown that the
Schwarzschild particle is dual to the particle with global monopole charge,
and on the other hand massless globa l monopole and global texture are dual
to flat spacetime. This is in agreement with the general result that fluid with
the equation of state ρ+ 3p = 0 is dual to flat spacetime.
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